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The work is devoted to the analysis of methods of mathematical modeling, one of the most important in human 

life - the organ of vision, which accounts for more than 90% of all incoming information about the external world. 
The human eye is a unique (natural) natural apparatus. Therefore, the principles of his work have long attracted the 
attention of scientists. At the heart of the tasks posed in this paper were questions closely related to the theory of 
human perception of color. 

Still I.Newton the ground for creation of linear model of color vision was prepared. For the first time one of 
such models was suggested by T. Young. But T. Young was interested not so much in the psychophysical side of the 
phenomenon as in the physiological aspect, therefore, from the point of view of psychophysics, his results look like 
an episode. The most consistent continuation of Newton's ideas was Maxwell, who attempted to experimentally 
determine a specific kind of weight functions that characterize the sensitivity of the eye to radiation with different 
wavelengths, called spectral sensitivity functions of the eye. The first attempt to create an axiomatic theory of the 
eye was undertaken by Grassmann. Relying on Newton's results and his idea of a "null-organ", he formulated the 
laws of color vision - the law of additivity, the law of three-dimensionality, the law of continuity. Starting from these 
laws, Schrödinger attempted to derive Newton's transformations from them in a purely formal way. However, the 
imperfection of the mathematical algorithm used by him and the formulation of the laws of vision did not allow him 
to do this correctly enough. But on the whole, Schroedinger's research should be seen as an essential step in the 
development of the theory of vision. 

Based on the analysis of existing mathematical methods of vision research, the present work accepts the 
interpretation of input signals in the form of Hilbert spaces. The main reason for this is as follows. As studies of 
sensory systems show, the description of the work of sense organs leads us to linear functionals whose general form 
is known in Hilbert spaces or in spaces of type Lp. 

The authors of the paper propose a method and an apparatus for colorimetric measurements. The main 
element of the color tone recognition device is a sensor (color sensor) in which to increase the sensitivity and 
reliability of measurements, as well as simplify the tuning process, not three, but more (number) photodetectors are 
used. 
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Introduction 
The problems in criminalistics, astronomy, 

nondestructive test, psychophysis are linked to 
research of sensor systems [1, 2, 3]. One of the most 
important studied now system in human life is the 
organ of vision, which accounts for more than 90% of 
all incoming information about the external world. 
The human eye is a unique natural apparatus. 
Therefore, the principles of his work have long 
attracted the attention of scientists. At the heart of the 
tasks posed in this paper were questions closely 
related to the theory of human perception of color. 

 
Creation models 
Still I. Newton the ground for creation of linear 

model of color vision was prepared. For the first time 

one of such models was suggested by T. Young. He 
has noted coordinates in the form of following 
integrals: 

2
( ) ( )

1 1
1

2
( ) ( )

2 1
1

2
( ) ( )

3 1
1

U b K d

U b K d

U b K d



   




   




   


             (1) 

Here b  emission spectrum; K1, K2, K3  some 
weight functions characterizing sensitivity of an eye to 
emissions with various wave lengths; 1, 2  the 
minimum and maximum light emissions wave length, 
visible an eye. 
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But T. Young was interested not so much in the 
psychophysical side of the phenomenon as in the 
physiological aspect, therefore, from the point of view 
of psychophysics, his results look like an episode. The 
most consistent continuation of Newton's ideas was 
Maxwell, who attempted to experimentally determine 
a specific kind of weight functions K1, K2, K3, called 
spectral sensitivity functions of the eye. The first 
attempt to create an axiomatic theory of the eye was 
undertaken by Grassmann. Relying on Newton's 
results, he formulated the laws of color vision. Let's 
result one of these statements. 

The law of additivity. The sum of pairwise equal 
colors also an essence equal colors.  

The law of three-dimensionality. Any four colors 
are linearly dependent, however there are triples of 
linearly independent colors. 

The law of continuity. To the continuous change 
of emission correspond the continuous change of 
color. 

Starting from these laws, Schrödinger attempted 
to derive transformations (1) from them in a purely 
formal way. However, the imperfection of the 
mathematical algorithm used by him and the 
formulation of the laws of vision did not allow him to 
do this correctly enough. But on the whole, 
Schroedinger's research should be seen as an essential 
step in the development of the theory of vision. They 
have shown a possibility of successful objective study 
of subjective states of the person and have closely 
brought his continuers to mathematical description of 
perceptions [4]. 

For the first time J.E.Shabanov-Kushnarenko had 
been gave on the basis of some other ideas the true proof 
of Schrödinger’s assumption [1,2]. He had been 
proposed the new definition of Grassman’s laws in which 
concepts of addition of colors and multiplication of color 
to constant number are not used.  

As a result is shown, that the mathematical 
model of color vision can be deduced in the form of 
conclusion from the new definition of Grassman’s 
laws. For the first time the mathematical description 
of input and output signals of vision organ for a case 
of visual pictures of any kind (nonstationary and 
nonuniform) has been given and the task of 
mathematical modeling of vision of the person is 
formulated. The transformation of signals underlying 
in base of vision spectral sensitivity is established. It 
described by following formulas: 
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This is generalization of triple-component vision 
known model. 

All this has opened a way for deep penetration of 
mathematical methods into research of diverse 
functions of vision such as inertia and irradiation, 
static and dynamic adaptation, the phenomena of edge 
contrast, etc. Thus it was found out, that for the 
description of all these properties it is necessary to use 
integrated operators of more special kind. They are 
operators of convolution, operators with factorial 
kernels, the sums of integrated operators, etc. 

Based on the analysis of existing mathematical 
methods of vision research, the present work accepts 
the interpretation of input signals in the form of 
Hilbert spaces. The main reason for this is as follows. 
As studies of sensory systems show, the description of 
the work of sense organs leads us to linear functionals 
whose general form is known in Hilbert spaces or in 
spaces of type Lp. 

The big attention recently is given for studying 
of recognition process by the person of color shades 
and construction of devices for classification of 
subjects under their color characteristics [7, 8, 9, 10]. 
However mathematical models of spectral sensitivity 
of visual system had some blanks in rigidity of 
argumentation till the present time. 

The authors of the paper have some the 
developed methods and devices realizing them for 
colorimetric measurements [7, 8]. These methods have 
been based on studying of the materials presented in 
[11, 12, 13]. The Basic element of color shades 
recognition devices is the sensor of color which to 
each emission assigns three signals, proportional to 
color coordinates. For transformation of light energy 
in electric it is usually used three photodetectors. It’s 
spectral characteristics should be in the field of a 
visible section of a spectrum and reproduce one of 
curves of color addition. As it is difficult to select 
photodetectors with such performances so before them 
usually install the light filters which have been 
selected so that resultant performance of a 
photodetector and a light filter f() coincided with one 
of addition curves. For this purpose it is necessary to 
realize individual adjustment of a spectral 
characteristic of a light filter that is rather labor-
intensive and diligent operation. For this reason regard 
color sensors in which uses not three, and more 
quantity of photodetectors that gives the possibility to 
reproduce the given curve of color addition by 
systematic transformations of signals and to simplify 
tuning process essentially, and also to raise high-speed 
performance and accuracy of measuring. The 
schematic illustration of such color sensor (fig. 1) and 
process of its experimental tuning [3] is observed in 
paper. However, practical implementation of this 
process calls some difficulties and occupies a lot of 
time. It can be sped up and simplified essentially by 
computer calculation of approximating coefficients. 
We’ll consider this problem in more details. 
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Fig. 1. Schematic illustration of such color sensor 
 

Principle of operation of the color sensor (fig. 1). 
Emission b() moves on an entry of photodetectors 
Ф1, Ф2, … Фn. Electrical signals from these 
photodetectors arrive through adjusting resistors R1, 
R2, R3 on operational amplifiers U1, U2, U3, after 
which - on the analogue-digital converter, and further, 
through the data register and the interface - on the 
computer. Signal can be given on an entry of each of 
channels with the various transmission factor 
determined from expression 
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where iu   output signal of і - th photodetector (i = 1, 

…, n);  output signal of j-th operational amplifier 

( j = 1 , 2 , 3 ) , jiR   i - th resistor resistance on input of 

j-th operational amplifier; iR0   feedback resistor 

resistance of y-th operational amplifier. 
The current appearing in the circuit of each 

photodiode by reason of emission b() can be 
determined from expression 
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Where  if   a resultant spectral characteristic of i-

th photodetector and a light filter;  

1i
 ,

2i
   emissions waves lengths correspond to 

the beginning and the ending of a transmission range 
of i-th light filter;  

k  – coefficient of proportionality. 

Then voltage on output of each photodetector 
will be equal 
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where 
iHR   a load resistance in the circuit of і-th 

photodetector. 
As signals move simultaneously on input of the 

operational amplifier from all photodetectors, so its 
output voltage will be determined according to the 
formula  
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where 1 , 2   waves lengths of the lower and 

upper boundary lines of a light band. 
From last expression it is visible, that the spectral 

characteristic of each of three signals transiting 
channels is determined from a relationship 

( ) ( )1i iJ f
n
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Thus, we have: functions system   1
( ) |ni i

f
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  is 

given on segment  1 2,  . It is required to discover 

such values of coefficients ( 1,..., )i nija  in 
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expression (5), defining adjustments of the resistors 

(fig. 1), that differences between ( )ie    human eye 

spectral response addition curves and 

( );( 1, 2,3)iJ J   were minimal. 

The mean-square deviation should be taken as 
the degree of polynomial ( 5 )  deviation from given 

function ( )ie   in sense of the metric of this space if 

we observe these functions as elements of Hilbert 

space  1 2,zL    
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Its existence follows from single valued 

coefficients jia  solving from system of the linear 

equations 
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System matrix is Gram matrix for set 
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  of linearly independent functions so its 

determinant is not equal to null. It is possible to show, 
that expression (9) attains the minimum on this linear 
combination. 
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Our statement follows from the obtained 
inequality. We approximate integrals of system (11) 
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In that case minimum value   in expression ( 9 )  
will determined from a relationship 
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The solution of system ( 1 4 )  can be easily 
implemented on the computer. 

 
Conclusions 
Authors have carried out the analysis of existing 

theoretical and experimental designs in the field of 
vision modeling. The practical concept of an applied 
colorimetry has been proposed. The structure is 
developed and the measurer of color performances of 
the reflected light is made. It supplies automation, 
digital processing of the colorimetric measuring and 
covered by patents of Ukraine. 
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МАТЕМАТИЧНА МОДЕЛЬ КОЛОРИМЕТРІЇ 
Робота присвячена аналізу методів математичного моделювання і вивчення процесу розпізнавання людиною 
кольорових відбитків та побудови пристроїв для класифікації предметів за їх колірним характеристикам. 
Розглядається конструкція датчиків кольору, в яких використовується не три, а більша кількість 
фотоприймачів, що дає можливість шляхом систематичних перетворень сигналів відтворювати задану криву 
складання кольору і істотно спростити процес настроювання, а також підвищити швидкодію та точність 
вимірювання. 
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МАТЕМАТИЧЕСКАЯ МОДЕЛЬ КОЛОРИМЕТРИИ 
Работа посвящена анализу методов математического моделирования одной из наиболее важных в 
жизнедеятельности человека – органу зрения, на долю которого приходится более 90% всей поступающей 
информации о внешнем мире. Человеческий глаз представляет собой уникальный (природный) 
естественный аппарат. Поэтому принципы его работы издавна привлекали внимание ученых. В основе 
поставленных в данной работе задач лежали вопросы, тесно связанные с теорией восприятия цвета 
человеком. 
Еще И. Ньютоном была подготовлена почва для создания линейной модели цветового зрения. Впервые одну 
из таких моделей предложил Т.Юнг. Но Т. Юнга интересовали не столько психофизическая сторона 
явления, сколько физиологическая, поэтому, с точки зрения психофизики, его результаты выглядят лишь 
эпизодом. Наиболее последовательным продолжателем идей И. Ньютона был Максвелл, который попытался 
опытным путем определить конкретный вид весовых функций, характеризующих чувствительность глаза к 
излучениям с различной длиной волны, получивших название функций спектральной чувствительности 
глаза. Первая попытка создания аксиоматической теории глаза была предпринята Грассманом. Опираясь на 
результаты Ньютона и его идею о «нуль-органе», им были сформулированы законы цветового зрения – 
закон аддитивности, закон трехмерности, закон непрерывности. Отталкиваясь от этих законов, Шредингер 
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попытался чисто формальным путем вывести из них преобразования Ньютона. Однако несовершенство 
использованных им математического алгоритма и формулировок законов зрения не позволили ему сделать 
это достаточно корректно. Но в целом исследования Шредингера следует рассматривать как существенный 
шаг в развитии теории зрения. 
Основываясь на анализе существующих математических методов исследования зрения в настоящей работе 
принята интерпретация входных сигналов в виде гильбертовых пространств. Основная причина подобного в 
следующем. Как показывают исследования сенсорных систем, описание работы органов чувств приводит 
нас к линейным функционалам, общий вид которых известен в гильбертовых пространствах или в 
пространствах типа Lp. 
Авторами статьи предлагается метод и устройство для колориметрических измерений. Основным элементом 
устройства распознавания цветовых оттенков является датчик (сенсор) цвета, в котором для увеличения 
чувствительности и достоверности измерений, а также упрощения процесса настройки, используется не три, 
а большее количество (число) фотоприемников. 
Ключевые слова: колориметрия, восприятие цвета, сенсорные системы, цветовые координаты, 
фотоприемник, датчик света. 
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Метою даної роботи є дослідження динамічних характеристик (кутових та лінійних зміщень 

відбивальної поверхні та зміни її форми) дзеркал мембранної конструкції за допомогою інтерферометра 
білого світла. Дані характеристики дозволяють провести об’єктивний аналіз різноманітних варіантів 
побудови мембранного дзеркала та оптимізувати його конструкцію. Були проведені дослідження двох 
типів конструкцій дзеркал: одномембранного та двомембранного. Результати вимірювання параметрів 
дослідних зразків показали, що відбивальна поверхня зазнає лінійних та кутових зміщень, а також змінює 
радіус кривизни, а тип конструкції дзеркала має значний вплив на його динамічні характеристики. 

Ключові слова: лазерні дзеркала, кільцевий лазер, інтерферометр білого світла. 
 
 

При застосуванні He-Ne лазерів для 
метрологічних цілей (спектроскопія, 
інтерферометрія, голографія, датчики кутової 
швидкості) важлива стабільність частоти F їх 
вихідного випромінювання, яка прямо 
пропорційна стабільності периметра резонатора L: 

F/F = L/L [1]. Для зменшення впливу зовнішніх 
факторів на периметр лазера, резонатор 
виготовляється з матеріалу з малим коефіцієнтом 
термічного розширення (ситал СО-115М або 
Zerrodur).  

Підстроювання периметра в діапазоні 
2...3 мкм здійснюється переміщенням відбивальної 
поверхні одного або двох дзеркал, що утворюють 

резонатор. Для цього використовується дзеркало 
спеціальної мембранної конструкції. На таке 
дзеркало встановлюється п’єзопривід біморфного 
типу, який шляхом силового тиску на мембрану 
дзеркала викликає її переміщення, що дозволяє 
регулювати периметр резонатора.  

Нарівні з перевагами такої конструкції 
дзеркала (компактність, жорсткість, стабільність, 
суміщення дзеркального покриття з елементом 
регулювання периметра) в ній присутній ефект 
динамічного кутового зміщення дзеркальної 
поверхні. Кутове зміщення дзеркала може 
призводити до роз’юстування резонатора, що в 


